Abstract. We construct unramified algebraic differential characters for flat connections with nilpotent residues along a strict normal crossings divisor.
), where K n is the Zariski sheaf of Milnor K-theory which is unramified in codimension 1. It has the property that it maps to the Chow group CH n (X), to algebraic closed 2n-forms which have Z(n)-periods, and to the complex C ∞ differential charactersĤ 2n−1 (X an , C/Z). If (E, ∇) is a bundle with an algebraic connection, it has classes c n ((E, ∇)) ∈ AD n (X) which lift both the Chern classes of E in CH n (X) andĉ n ((E, ∇)). All those constructions are contravariant in (X, (E, ∇)), the differential characters have an algebra structure, and the classes fulfill the Whitney product formula. They admit a logarithmic version: if j : U → X is a (partial) smooth compactification of U such that D := X \ U is a strict normal crossings divisor, one defines the group AD n (X, D) = H n (X, (log D)). Obviously one has maps AD n (X) → AD i (X, D) → AD n (U). The point is that if (E, ∇) extends a pole free connection (E, ∇)| U to a connection on X with logarithmic poles along D, then c n ((E, ∇)| U ) ∈ AD n (U) lifts to well defined classes c n ((E, ∇)) ∈ AD n (X, D) with the same functoriality and additivity properties.
If X is a smooth algebraic variety defined over a characteristic 0 field, and X ⊃ U is a smooth (partial) compactification of U, it is computed in [8, Appendix B] that one can express the Atiyah class ( [1] ) of a bundle extension E of E| U in terms the residues of the extension ∇ of ∇| U along D = X \ U. In particular, if X is projective, ∇ has logarithmic poles along D and has nilpotent residues, one obtains that the de Rham Chern classes of E are zero. If k = C, this implies that the (analytic) Chern classes of E in Deligne-Beilinson cohomology H 2n D (X, Z(n)) lie in the continuous part H 2n−1 (X an , C/Z(n))/F n ⊂ H 2n D (X, Z(n)). The purpose of this note is to show that this lifting property is in fact stronger:
be a flat connection with logarithmic poles along D such that its residues Γ j along D j are all nilpotent. Then the classes c n ((E, ∇)) ∈ AD n (X, D) lift to well defined classes c n ((E, ∇, Γ)) ∈ AD n (X), which satisfy the Whitney product formula. More precisely, the classes c n ((E, ∇, Γ)) lie in the subgroup AD
X ). They also fulfill some functoriality property, and one can express what their restriction to the various strata of D precisely are.
Let us denote byĉ n ((E, ∇, Γ)) the image of c n ((E, ∇, Γ)) via the regulator map AD n (X) →Ĥ 2n−1 (X an , C/Z) defined in [10] and [11] , which restricts to a regulator map AD n ∞ (X) → H 2n−1 (X an , C/Z(n)). As an immediate consequence, one obtains
, with the same properties.
in the spirit of Cheeger-Chern-Simons has been performed by P. Deligne and is written in a letter of P. Deligne to the authors of [13] . It consists in modifying the given connection ∇ by a C ∞ one form with values in End(E), so as to obtain a (possibly non-flat) connection without residues along D. This modified connection admits classes in H 2n−1 (X an , C/Z(n)) ⊂Ĥ 2n−1 (X an , C/Z). That they do not depend on the choice of the one form relies essentially on the argument showing that if ∇ is flat with logarithmic poles along D (and without further conditions on the residues), for n ≥ 2, the image of c n ((E, ∇)) in H 0 (U, H 
) using the existence of the C ∞ trivialization of the canonical extension after anétale cover, a fact written by Deligne in a letter, together with Deligne's suggestion of considering patched connection. They then show that Reznikov's argument and theorem [14] adapts to those classes. Our note is motivated by the question raised in [13] on the construction in the general case.
Our algebraic construction in theorem 1.1 relies on the modified splitting principle developed in [9] , [10] and [11] in order to define the classes in AD n (X, D). Let q : Q → X be the complete flag bundle of E. A flat connection on E with logarithmic poles along D defines a map of differential graded algebras
* E which has the property that it stabilizes all the rank one subquotients of q * E. On the other hand, the nilpotency of Γ allows to filter the restriction E| Σ to the different strata Σ of D, in such a way that the restriction ∇| Σ : E| Σ → Ω 
This yields a complex receiving quasi-isomorphically Ω ≥i X , which is convenient to define the wished classes. Acknowledgement: Our algebraic construction was performed independently of P. Deligne's C ∞ construction sketched above. We thank C. Simpson for sending us afterwards Deligne's letter. We also thank him for pointing out a mistake in an earlier version of this note. We thank E. Viehweg for his encouragement and for discussions on the subject, which reminded us of the discussions we had when we wrote [8, Appendix C].
Filtrations
Let X be a smooth variety defined over a characteristic 0 field k. Let D ⊂ X be a strict normal crossings divisor (i.e. the irreducible components are smooth over k), and let (E, ∇) be a connection ∇ : E → Ω 1 X (log D) ⊗ E with residue Γ defined by the composition
where
We use the notation
One has the diagram
Proof. We use Deligne's Riemann-Hilbert correspondence [7] : the data are defined over a field of finite type k 0 over Q, so embeddable in C, and the question is compatibe with the base changes ⊗ k 0 k and ⊗ k C. So it is enough to consider the question for the underlying analytic connection on a polydisk (∆ * ) r × ∆ s with coordinates x j , where D j is defined by x j = 0 for 1 ≤ j ≤ r. By the Riemann-Hilbert correspondence, the argument given in [7, p.86] shows that the analytic connection is isomorphic to (V ⊗ O, 
(One can also tautologically say that F 
We define
is a subbundle, stabilized by the connection ∇ I , and more precisely one has ∇ I :
We argue analytically as in the proof of claim 2.1. With notations as there, the analytic F Proof.
τ -Splittings
We first define flag bundles. We set q I : Q I → D I to be the total flag bundle associated to E| D I . So the pull back of E| D I to Q I has a filtration by subbundles such that the associated graded bundle is a sum of rank one bundles ξ We have extra closed embeddings λ F (I ⊂ J) which come from the refinements of the canonical filtrations, which are described in the same way: for J ⊂ I, one has commutative squares
Recall from [9] , [10] , [11] that ∇ yields a splitting τ :
, and that flatness of ∇ implies flatness of τ in the sense that it induces a map of differential graded algebras (Ω
Furthermore, the filtration on q * (E) which defines the rank one subquotient ξ s has the property that it is stabilized by τ •q * ∇, and this defines a τ -flat connection ξ
The τ -splitting is constructed first on P(E), with p : P(E) → X. Then τ • ∇ stabilizes the beginning of the flag E ′ ⊂pull-back of E etc. Concretely, the com- 
which defines a differential graded algebra (Ω
) and with the property that ξ has a flat connection with values in Ω
, which is compatible with the flat p * Ω 1 X (log D)-connection on ξ N . We can repeat the construction with
. This splits the next rank one piece, one still has the splitting as in (3.3), and we go on till we reach the total flag bundle to G r I I . Then we continue with the flag bundle to G r I −1 I etc. We conclude Claim 3.1. One has a factorization
. . , N, restricts via the splitting τ I , to a flat (q
Definition 3.2. On Q we define the complex of sheaves
. Let K n be the image of the Zariski sheaf of Milnor K-theory into Milnor Ktheory K n (k(X) of the function field (which is the same as Ker(K n (k(X)) → ⊕K n−1 (κ(x))) on all codimension 1 points x ∈ X). The τ -differential defines d τ log : 
Proof. The cocycle of the class ξ s (∇) results from the claim 3.1. Write g 
We define a product
by using the formulae defined in [11, Definition 2.1.1], that is
The product is well defined.
Definition 3.6. On X we define the complex of sheaves
, where the differentials d τ are the τ differentials in the various differential graded algebras Ω
One has an injective morphism of complexes
The morphism ι is a quasi-isomorphism. Furthermore, one has Rq * A(n) = A X (n).
Proof. We start with the second assertion: since µ I is a closed embedding, one has R(µ I ) * = (µ I ) * on coherent sheaves. Thus by the commutativity of the diagram (3.2), and the fact that O on the flag varieties is relatively acyclic, one has Rq * (Rµ I ) * (q 
. By the standard splitting principle for Chow groups, one has H n (Q, K n )/H n (X, K n ) = H n (X, R • q * K n /q * K n ), and s 1 <s 2 ...<sn c 1 (ξ s 1 ) ∪ · · · ∪ c 1 (ξ sn ) ∈ Im(CH n (X) ⊂ CH n (Q)).
By lemma 3.4, ξ s (∇) ∈ H 1 (Q, (K 1 Ω ∞ ) 0 ) maps to c 1 (ξ s ) ∈ H 1 (Q, K 1 ). Thus we conclude that c n (q
. This finishes the proof.
Theorem 3.9. Let X ⊃ U be a smooth (partial) compactification of a variety U defined over a characteristic 0 field, such that D = j D j = X \ U is a strict normal crossings divisor. Let (E, ∇) be a flat connection with logarithmic poles along D such that its residues Γ j along D j are all nilpotent. Then the classes c n ((E, ∇)) ∈ AD n (X, D) lift to well defined classes c n ((E, ∇, Γ)) ∈ AD n (X).
